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ATOMIC CHARACTERIZATIONS OF HARDY SPACES
ASSOCIATED TO SCHRO¨DINGER TYPE OPERATORS
JUNQIANG ZHANG1∗ and ZONGGUANG LIU2
Abstract. In this article, the authors consider the Schro¨dinger type operator
L := −div(A∇) + V on Rn with n ≥ 3, where the matrix A is symmetric and
satisfies uniformly elliptic condition and the nonnegative potential V belongs
to the reverse Ho¨lder class RHq(R
n) with q ∈ (n/2, ∞). Let p(·) : Rn → (0, 1]
be a variable exponent function satisfying the globally log-Ho¨lder continuous
condition. The authors introduce the variable Hardy space H
p(·)
L (R
n) associ-
ated to L and establish its atomic characterization. The atoms here are closer
to the atoms of variable Hardy space Hp(·)(Rn) in spirit, which further implies
that Hp(·)(Rn) is continuously embedded in H
p(·)
L (R
n).
1. Introduction and main results
The theory of classical real Hardy spaces Hp(Rn) was first introduced by Stein
and Weiss [26] in the early 1960s, and then was systematically developed by Fef-
ferman and Stein [17]. One important feature of Hp(Rn) is that it has so called
“atomic characterization” (see [6, 22]). This feature allows one to reduce the
study of the boundedness of operators on Hp(Rn) to studying their behaviours
on single atoms. As a generalization of classical Hardy spaces, Nakai and Sawano
[23] introduced variable Hardy spaces Hp(·)(Rn), established their atomic char-
acterizations and investigated their dual spaces. Independently, Cruz-Uribe and
Wang [10] also studied the variable Hardy spaces Hp(·)(Rn) with p(·) satisfying
some conditions slightly weaker than those used in [23].
On the other hand, notice that Hp(Rn) is essentially associated with the
Laplace operator ∆ :=
∑n
j=1
∂2
∂x2j
(see, for example, [13]). In recent years, there
has been a lot of attention paid to the study of Hardy spaces associated with
different operators, which has been a very active research topic in harmonic anal-
ysis. First, Auscher et al. [2], and then Duong and Yan [12, 13], introduced
Hardy and BMO spaces associated with an operator L whose heat kernel has
a pointwise Gaussian upper bound. Then, Hofmann et al. [18] studied Hardy
spaces associated with non-negative self-adjoint operator L satisfying the Davies-
Gaffney estimates and established its atomic characterization. Different from the
classical atoms, the atoms in [18] are defined by replacing the standard vanishing
moment condition into a matter of membership in the range of the operator L.
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Since then, much work has been done in the real variable theory of Hardy spaces
associated with different operators, see, for example, [19, 20, 27]. In particular,
Dziuban´ski and Zienkiewicz [14, 15, 16] established an new atomic characteriza-
tion of Hardy spaces HpL(R
n) associated to Schro¨dinger operator L := −∆ + V ,
where V belongs to a certain reverse Ho¨lder class. Compared with atoms defined
in [18], the atoms introduced by Dziuban´ski and Zienkiewicz are very different
and closer to the classical atoms of Hp(Rn) in spirit, since they also have some
“local” vanishing condition.
Recently, motivated by [14, 15, 16], Cao et al. [5] established an atomic char-
acterization of Musielak-Orlicz-Hardy spaces Hϕ,L(R
n) associated to Schro¨dinger
operator L = −∆ + V and, as an application, studied the boundedness of sec-
ond order Riesz transform ∇2L−1 on Hϕ,L(Rn). The atomic characterization of
Hϕ,L(R
n) in [5] is similar to those of [14, 15, 16], however, Cao et al. used a totally
different method. Later, Yang [28] generalized the results of [5] to the Musielak-
Orlicz-Hardy spaces associated to Schro¨dinger type operator L := − div(A∇)+V ,
where A is a matrix satisfying the uniform elliptic condition and V belongs to a
certain reverse Ho¨lder class.
In this paper, motivated by [5, 28, 30], we consider the Schro¨dinger type oper-
ator
L := − div(A∇) + V on Rn, n ≥ 3, (1.1)
where V is a nonnegative potential andA := {aij}1≤i,j≤n is a matrix of measurable
functions satisfying the following condition:
Assumption 1.1. There exists a constant λ ∈ (0, 1] such that, for any x, ξ ∈ Rn,
aij(x) = aji(x) and λ|ξ|2 ≤
n∑
i,j=1
aij(x)ξiξj ≤ λ−1|ξ|2.
Let L = − div(A∇) + V be as in (1.1), where V is a nonnegative potential
on Rn with n ≥ 3 and belongs to the reverse Ho¨lder class RHq(Rn) for some
q ∈ (n/2,∞). In this paper, we establish an atomic characterization of variable
Hardy space H
p(·)
L (R
n) associated to L. As an application, we show that the
variable Hardy space Hp(·)(Rn) is continuously embedded in H
p(·)
L (R
n). To state
the main results, we first recall some notation and definitions.
Let P(Rn) be the set of all the measurable functions p(·) : Rn → (0, ∞)
satisfying
p− := ess inf
x∈Rn
p(x) > 0 and p+ := ess sup
x∈Rn
p(x) <∞. (1.2)
A function p(·) ∈ P(Rn) is called a variable exponent function on Rn. The
variable Lebesgue space Lp(·)(Rn) is a generalization of classical Lebesgue space,
via replacing the constant exponent p by a variable exponent function p(·) : Rn →
(0, ∞), which consists of all measurable functions f on Rn such that, for some
λ ∈ (0, ∞), ∫
Rn
[|f(x)|/λ]p(x) dx < ∞, equipped with the Luxemburg (or known
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as the Luxemburg-Nakano) (quasi-)norm
‖f‖Lp(·)(Rn) := inf
{
λ ∈ (0, ∞) :
∫
Rn
[ |f(x)|
λ
]p(x)
dx ≤ 1
}
. (1.3)
Recall that a measurable function g ∈ P(Rn) is said to be globally log-Ho¨lder
continuous, denoted by g ∈ C log(Rn), if there exist constants C1, C2 ∈ (0, ∞)
and g∞ ∈ R such that, for any x, y ∈ Rn,
|g(x)− g(y)| ≤ C1
log(e+ 1/|x− y|)
and
|g(x)− g∞| ≤ C2
log(e+ |x|) .
The quadratic operator SL, associated to L, is defined by setting, for any f ∈
L2(Rn) and x ∈ Rn,
SL(f)(x) :=
[∫∫
Γ(x)
∣∣∣t2Le−t2L(f)(y)∣∣∣2 dy dt
tn+1
]1/2
, (1.4)
where Γ(x) := {(y, t) ∈ Rn × (0, ∞) : |y − x| < t} denotes the cone with vertex
x ∈ Rn.
Definition 1.2. Let p(·) ∈ P(Rn) satisfy p+ ∈ (0, 1] and L be an operator as
in (1.1). The variable Hardy space H
p(·)
L (R
n) is defined as the completion of the
space {
f ∈ L2(Rn) : ‖SL(f)‖Lp(·)(Rn) <∞
}
with respect to the quasi-norm ‖f‖
H
p(·)
L
(Rn)
:= ‖SL(f)‖Lp(·)(Rn).
Motivated by [5, 28], we define the atoms associated to L as follows.
Definition 1.3. Let p(·) ∈ P(Rn) with p+ ∈ (0, 1] and m(·, V ) be as in (2.1). For
any given r ∈ (1,∞], a measurable function a on Rn is called an (p(·), r)-atom
associated with the ball B := B(x0, r0) of R
n, if
(i) supp a ⊂ B;
(ii) ‖a‖Lr(B) ≤ |B|1/r‖χB‖−1Lp(·)(Rn);
(iii)
∫
Rn
a(x) dx = 0 if r0 < [m(x0, V )]
−1.
Remark 1.4. atoms of Definition 1.3 are closer to atoms of Hp(·)(Rn) (see Defi-
nition 3.6 below). In fact, it is easy to see that, for any r ∈ (1, ∞], if a is an
(p(·), r, 0)-atom of Hp(·)(Rn), then a is an (p(·), r)-atom of Definition 1.3.
In what follows, for any p(·) ∈ P(Rn) with 0 < p− ≤ p+ ≤ 1, any sequences
{λj}j∈N ⊂ C and {Bj}j∈N of balls in Rn, define
A({λj}j∈N, {Bj}j∈N) :=
∥∥∥∥∥∥
{∑
j∈N
[ |λj|χBj
‖χBj‖Lp(·)(Rn)
]p−} 1p− ∥∥∥∥∥∥
Lp(·)(Rn)
. (1.5)
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Definition 1.5. Let L be as in (1.1), p(·) ∈ P(Rn) with p+ ∈ (0, 1] and
r ∈ (1,∞]. For a measurable function f on Rn, f =∑∞j=1 λjaj is called an atomic
(p(·), r)-representation of f if {aj}j∈N is a family of (p(·), r)-atoms, the summa-
tion converges in L2(Rn) and {λj}j∈N ⊂ C satisfies that A({λj}j∈N, {Bj}j∈N) <
∞, where, for any j ∈ N, Bj is the ball associated with aj andA({λj}j∈N, {Bj}j∈N)
is as in (1.5). Let
H
p(·), r
L, at (R
n) := {f : f has an atomic (p(·), r)-representation}. (1.6)
Then the variable atomic Hardy space H
p(·), r
L, at (R
n) is defined as the completion of
H
p(·), r
L, at (R
n) with respect to the quasi-norm
‖f‖
H
p(·), r
L, at (R
n)
:= inf
{
A ({λj}j∈N, {Bj}j∈N) :
f =
∞∑
j=1
λjaj is an atomic (p(·), r)-representation
}
,
where the infimum is taken over all the atomic (p(·), r)-representations of f as
above.
The following theorem is the main result of this paper, which establishes the
atomic characterization of H
p(·)
L (R
n).
Theorem 1.6. Let L be as in (1.1) with A satisfying Assumption 1.1, µ0 ∈ (0, 1]
as in (2.2), p(·) ∈ C log(Rn) with n
n+µ0
< p− ≤ p+ ≤ 1 and r ∈ (1, ∞) such
that µ0+
n
r
> n
p−
. Then H
p(·), r
L, at (R
n) and H
p(·)
L (R
n) coincide with equivalent quasi-
norms.
The proof of Theorem 1.6 is in Subsection 3.1. Motivated by the proof of
[5, Theorem 2.3], we prove Theorem 1.6 by using the atomic decomposition of
variable tent space, the holomorphic functional calculus of L and some subtle
estimates associated to L (see Lemma 3.4 and (3.20) below). Besides, comparing
with the proof of [5, Theorem 2.3], we also use the finite speed propagation prop-
erty of the nonnegative self-adjoint operator L, which, in some sense, simplifies
the proof.
Remark 1.7. In particular, if A := I is the identity matrix, namely, L = −∆+V ,
and p(·) = p ∈ ( n
n+µ0
, 1] is a constant exponent, then Theorem 1.6 completely
covers [15, Theorem 1.11].
Moreover, as an application of Theorem 1.6, we show that variable Hardy
space Hp(·)(Rn) is continuously embedded in H
p(·)
L (R
n). The variable Hardy space
Hp(·)(Rn) is first introduced by E. Nakai and Y. Sawano [23] (independently, by
Cruz-Uribe and Wang [8]). Let S(Rn) be the space of all Schwartz functions and
S ′(Rn) the space of all Schwartz distributions. For any N ∈ N, define
FN(Rn) :=
ψ ∈ S(Rn) : ∑
β∈Zn+, |β|≤N
sup
x∈Rn
(1 + |x|)N ∣∣Dβψ(x)∣∣ ≤ 1

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where, for any β := (β1, . . . , βn) ∈ Zn+, |β| := β1 + · · · + βn and Dβ :=
( ∂
∂x1
)β1 · · · ( ∂
∂xn
)βn. For any N ∈ N, the grand maximal function MF is defined
by setting, for any f ∈ S ′(Rn) and x ∈ Rn,
MN(f)(x) := sup{|ψt ∗ f(x)| : t ∈ (0, ∞), ψ ∈ FN(Rn)},
where, for any t ∈ (0, ∞) and ξ ∈ Rn, ψt(ξ) := t−nψ(ξ/t).
Definition 1.8 ([23]). Let p(·) ∈ P(Rn) and N ∈ ( n
p−
+ n + 1, ∞). Then the
variable Hardy space Hp(·)(Rn) is defined by setting
Hp(·)(Rn) :=
{
f ∈ S ′(Rn) : ‖f‖Hp(·)(Rn) := ‖MN(f)‖Lp(·)(Rn) <∞
}
.
Corollary 1.9. Let L and p(·) be as in Theorem 1.6. Assume that n
n+µ0
< p− ≤
p+ ≤ 1 with µ0 ∈ (0, 1] as in (2.2). Then Hp(·)(Rn) is continuously embedded
in H
p(·)
L (R
n), namely, there exists a positive constant C such that, for any f ∈
Hp(·)(Rn),
‖f‖
H
p(·)
L
(Rn)
≤ C‖f‖Hp(·)(Rn).
This article is organized as follows. In Section 2, we give some preliminaries
on the Schro¨dinger operator L and variable Lebesgue space Lp(·)(Rn). In Section
3, we give the proofs of Theorem 1.6 and Corollary 1.9.
We end this section by making some conventions on notation. In this article, we
denote by C a positive constant which is independent of the main parameters, but
it may vary from line to line. We also use C(α,β,...) to denote a positive constant
depending on the parameters α, β, . . .. The symbol f . g means that f ≤ Cg.
If f . g and g . f , we then write f ∼ g. Let N := {1, 2, . . .}, Z+ := N ∪ {0}.
For any measurable subset E of Rn, we denote by E∁ the set Rn \ E. For any
r ∈ R, the symbol ⌊r⌋ denotes the largest integer m such that m ≤ r. For any
µ ∈ (0, pi), let
Σ0µ := {z ∈ C \ {0} : | arg z| < µ} . (1.7)
For any ball B := B(xB , rB) := {y ∈ Rn : |x− y| < rB} ⊂ Rn with xB ∈ Rn and
rB ∈ (0, ∞), α ∈ (0, ∞) and j ∈ N, we let αB := B(xB, αrB),
U0(B) := B and Uj(B) := (2
jB) \ (2j−1B). (1.8)
For any p ∈ [1, ∞], p′ denotes its conjugate number, namely, 1/p+ 1/p′ = 1.
2. Preliminaries
In this section, we recall some notions and results on the Schro¨dinger type
operator L = − div(A∇) + V and variable Lebesgue space Lp(·)(Rn).
We first recall the definition of the auxiliary function m(·, V ) introduced by
Shen [25, Definition 2.1] and its properties. Let V ∈ RHq(Rn), q ∈ (n/2, ∞),
and V 6≡ 0. For any x ∈ Rn, the auxiliary function m(x, V ) is defined by
1
m(x, V )
:= sup
{
r ∈ (0, ∞) : 1
rn−2
∫
B(x,r)
V (y) dy ≤ 1
}
. (2.1)
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For the auxiliary function m(·, V ), we have the following Lemma 2.1, which is
just [25, Lemma 1.4].
Lemma 2.1 ([25]). Let m(·, V ) be as in (2.1). Then there exist positive constants
C˜, C and k0 such that, for any x, y ∈ Rn,
(i) C−1m(x, V ) ≤ m(y, V ) ≤ Cm(x, V ) if |x− y| ≤ C˜[m(x, V )]−1;
(ii) m(y, V ) ≤ C[1 + |x− y|m(x, V )]k0m(x, V );
(iii) m(y, V ) ≥ C−1[1 + |x− y|m(x, V )]−
k0
k0+1m(x, V ).
The following lemma is [4, Theorem 4].
Lemma 2.2 ([4]). Let L0 := − div(A∇) with A satisfying Assumption 1.1 and
{e−tL0}t≥0 the heat semigroup generated by L0. Then the kernels ht(x, y) of the
heat semigroup {e−tL0}t≥0 are continuous and there exists a constant α0 ∈ (0, 1]
such that, for any given α ∈ (0, α0),
|ht(x+ h, y)− ht(x, y)|+ |ht(x, y + h)− ht(x, y)| ≤ C
tn/2
[ |h|√
t
]α
e−c
|x−y|2
t ,
where t ∈ (0, ∞), x, y, h ∈ Rn with |h| ≤ √t and C, c are positive constants
independent of t, x, y, h.
The following lemma is [28, Lemma 2.6].
Lemma 2.3 ([28]). Let L be as in (1.1) with A satisfying Assumption 1.1 and
V ∈ RHq(Rn), q ∈ (n/2, ∞). Assume that Kt is the kernel of the heat semigroup
{e−tL}t≥0 and let
µ0 := min
{
α0, 2− n
q
}
, (2.2)
where α0 ∈ (0, 1] is as in Lemma 2.2.
(i) For any given k, N ∈ N, there exist positive constants C(N) and c such
that, for any t ∈ (0, ∞) and every (x, y) ∈ Rn × Rn,
0 ≤
∣∣∣∣ ∂∂tkKt(x, y)
∣∣∣∣ ≤ C(k,N)tk+n/2 e−c |x−y|2t [1 +√tm(x, V ) +√tm(y, V )]−N . (2.3)
(ii) For any given k, N ∈ N and µ ∈ (0, µ0), there exist positive constants
C(k,N, µ) and c such that, for any t ∈ (0, ∞) and every x, y, h ∈ Rn with
|h| ≤ √t,∣∣∣∣ ∂∂tkKt(x+ h, y)− ddtkKt(x, y)
∣∣∣∣+ ∣∣∣∣ ∂∂tkKt(x, y + h)− ddtkKt(x, y)
∣∣∣∣ (2.4)
≤ C(k,N, µ)
tk+n/2
[ |h|√
t
]µ
e−c
|x−y|2
t
[
1 +
√
tm(x, V ) +
√
tm(y, V )
]−N
.
Remark 2.4. By Lemma 2.3(i), we know that the heat kernel Kt satisfies the
Gaussian upper bound. From this and [27, (3.2)], we deduce that, for any p ∈
(1, ∞), the quadratic operator SL (see (1.4)) is bounded on Lp(Rn).
ATOMIC CHARACTERIZATION OF HARDY SPACES 7
The Hardy-Littlewood maximal operator M is defined by setting, for any f ∈
L1loc(R
n) and x ∈ Rn,
M(f)(x) := sup
B∋x
1
|B|
∫
B
|f(y)| dy, (2.5)
where the supremum is taken over all balls B of Rn containing x.
The following lemma establishes the boundedness of M on Lp(·)(Rn), which is
just [11, Theorem 4.3.8] (see also [8, Theorem 3.16]).
Lemma 2.5 ([11]). Let p(·) ∈ C log(Rn) and 1 < p− ≤ p+ <∞. Then there exists
a positive constant C such that, for any f ∈ Lp(·)(Rn),
‖M(f)‖Lp(·)(Rn) ≤ C‖f‖Lp(·)(Rn).
The following Fefferman-Stein vector-valued inequality of M on Lp(·)(Rn) is
proved in [9, Corollary 2.1].
Lemma 2.6 ([9]). Let q ∈ (1, ∞) and p(·) ∈ C log(Rn) with p− ∈ (1, ∞). Then
there exists a positive constant C such that, for any sequence {fj}j∈N of measur-
able functions,∥∥∥∥∥∥
{
∞∑
j=1
[M(fj)]q
} 1
q
∥∥∥∥∥∥
Lp(·)(Rn)
≤ C
∥∥∥∥∥∥
(
∞∑
j=1
|fj|q
) 1
q
∥∥∥∥∥∥
Lp(·)(Rn)
.
The following lemma is a particular case of [29, Lemma 2.4], which is is a slight
variant of [24, Lemma 4.1].
Lemma 2.7 ([29]). Let κ ∈ [1, ∞), p(·) ∈ C log(Rn), p := min{p−, 1} and r ∈
[1, ∞] ∩ (p+, ∞], where p− and p+ are as in (1.2). Then there exists a positive
constant C such that, for any sequence {Bj}j∈N of balls in Rn, {λj}j∈N ⊂ C and
functions {aj}j∈N satisfying that, for any j ∈ N, supp aj ⊂ κBj and ‖aj‖Lr(Rn) ≤
|Bj|1/r,∥∥∥∥∥∥
(
∞∑
j=1
|λjaj |p
) 1
p
∥∥∥∥∥∥
Lp(·)(Rn)
≤ Cκn(
1
p
− 1
r
)
∥∥∥∥∥∥
(
∞∑
j=1
|λjχBj |p
) 1
p
∥∥∥∥∥∥
Lp(·)(Rn)
. (2.6)
For more properties of the variable Lebesgue spaces Lp(·)(Rn), we refer the
reader to [8, 11].
Remark 2.8. Let p(·) ∈ P(Rn).
(i) For any λ ∈ C and f ∈ Lp(·)(Rn), ‖λf‖Lp(·)(Rn) = |λ|‖f‖Lp(·)(Rn). In
particular, if p− ∈ [1, ∞), then ‖ · ‖Lp(·)(Rn) is a norm, namely, for any
f, g ∈ Lp(·)(Rn),
‖f + g‖Lp(·)(Rn) ≤ ‖f‖Lp(·)(Rn) + ‖g‖Lp(·)(Rn).
(ii) By the definition of ‖ · ‖Lp(·)(Rn) (see (1.3)), it is easy to see that, for any
f ∈ Lp(·)(Rn) and s ∈ (0, ∞),
‖|f |s‖Lp(·)(Rn) = ‖f‖sLsp(·)(Rn).
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3. Proofs of Theorem 1.6 and Corollary 1.9
In this section, we give the proofs of Theorem 1.6 and Corollary 1.9.
3.1. Proof of Theorem 1.6. We first prove the following Propositions 3.1 and
3.5 below. Then Theorem 1.6 is a direct consequence of them.
The following proposition shows that H
p(·), r
L, at (R
n) ⊂ Hp(·)L (Rn).
Proposition 3.1. Let L be as in (1.1) with A satisfying Assumption 1.1 and
r ∈ (1, ∞). Assume that p(·) ∈ C log(Rn) with n
n+µ0
< p− ≤ p+ ≤ 1, where
µ0 ∈ (0, 1] is as in (2.2). Then there exists a positive constant C such that, for
any f ∈ Hp(·), rL, at (Rn),
‖f‖
H
p(·)
L
(Rn)
≤ C‖f‖
H
p(·), r
L, at (R
n)
.
Proof. By a density argument, we only need to show that, for any f ∈ Hp(·), rL, at (Rn)
(see Definition 1.5), ‖f‖
H
p(·)
L
(Rn)
. ‖f‖
H
p(·), r
L,at (R
n)
.
Let f ∈ Hp(·), rL, at (Rn). Then, by (1.6), we know that there exist {λj}j∈N ⊂ C
and a family {aj}j∈N of (p(·), r)-atoms, associated with balls {Bj}j∈N of Rn, such
that
f =
∞∑
j=1
λjaj in L
2(Rn) (3.1)
and
‖f‖
H
p(·), r
L, at (R
n)
∼ A({λj}j∈N, {Bj}j∈N). (3.2)
Next, we prove
‖SL(f)‖Lp(·)(Rn) . A({λj}j∈N, {Bj}j∈N). (3.3)
Indeed, By (3.1) and the fact that SL is bounded on L
2(Rn) (see Remark 2.4),
we find that
lim
N→∞
∥∥∥∥∥SL(f)− SL
(
N∑
j=1
λjaj
)∥∥∥∥∥
L2(Rn)
= 0,
which further implies that, for almost every x ∈ Rn,
SL(f)(x) ≤
∞∑
j=1
|λj|SL(aj)(x)
=
∞∑
j=1
∞∑
i=0
|λj|SL(aj)(x)χUi(Bj)(x),
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where Ui(Bj) is as in (1.8) with B therein replaced by Bj. From this, Remark
2.8 and the fact that p− ∈ (0, 1], it follows that
‖SL(f)‖p−Lp(·)(Rn) = ‖[SL(f)]p−‖
L
p(·)
p− (Rn)
≤
∞∑
i=0
∥∥∥∥∥
∞∑
j=1
|λj|p−[SL(mj)χUi(Bj)]p−
∥∥∥∥∥
L
p(·)
p− (Rn)
=
∞∑
i=0
∥∥∥∥∥∥
{
∞∑
j=1
|λj |p−[SL(mj)χUi(Bj)]p−
} 1
p−
∥∥∥∥∥∥
p−
Lp(·)(Rn)
. (3.4)
To prove (3.3), we claim that it is enough to show that there exist constants
C ∈ (0, ∞) and θ ∈ (n[ 1
p−
− 1
r
],∞) such that, for any (p(·), r)-atom a, associated
with ball B := B(xB, rB) of R
n, and any i ∈ Z+,
‖SL(a)‖Lr(Ui(B)) ≤ C2−iθ|B|
1
r ‖χB‖−1Lp(·)(Rn). (3.5)
Indeed, if (3.5) holds true, then, for any i ∈ Z+ and j ∈ N,∥∥∥2iθ ∥∥χBj∥∥Lp(·)(Rn) SL(aj)χUi(Bj)∥∥∥Lr(Rn) . |Bj|1/r.
By this and Lemma 2.7, we know that∥∥∥∥∥∥
{
∞∑
j=1
[|λj|SL(mj)χUi(Bj )]p−
} 1
p−
∥∥∥∥∥∥
Lp(·)(Rn)
. 2
in( 1
p−
− 1
r
)
∥∥∥∥∥∥
{
∞∑
j=1
[
2−iθ‖χBj‖−1Lp(·)(Rn)|λj|χBj
]p−} 1p− ∥∥∥∥∥∥
Lp(·)(Rn)
. 2
−i[θ−n( 1
p−
− 1
r
)]A({λj}j∈N, {Bj}j∈N).
Combining this, (3.4) and the fact that θ > n( 1
p−
− 1
r
), we further conclude that,
for any f ∈ Hp(·), rL, at (Rn),
‖SL(f)‖Lp(·)(Rn) .
{
∞∑
i=0
2
−i[θ−n( 1
p−
− 1
r
)]p−
} 1
p−
A({λj}j∈N, {Bj}j∈N)
. ‖f‖
H
p(·), r
L, at (R
n)
,
which is the desired result.
Next, we prove (3.5). When i ∈ {0, . . . , 10}, by the boundedness of SL on
Lr(Rn) (see Remark 2.4), we obtain
‖SL(a)‖Lr(Ui(B)) . ‖a‖Lr(Rn) . |B|
1
r ‖χB‖−1Lp(·)(Rn) .
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When i ≥ 11 and i ∈ Z+, for any given η ∈ (0, 1), we have
‖SL(a)‖Lr(Ui(B)) =
{∫
Ui(B)
[∫ ∞
0
∫
B(x, t)
∣∣∣t2Le−t2L(a)(y)∣∣∣2 dy dt
tn+1
] r
2
dx
} 1
r
.

∫
Ui(B)
[∫ 2iηrB
0
∫
B(x, t)
∣∣∣t2Le−t2L(a)(y)∣∣∣2 dy dt
tn+1
] r
2
dx

1
r
+
{∫
Ui(B)
[∫ ∞
2iηrB
· · ·
] r
2
dx
} 1
r
=: I + II.
For I, by the fact that −Le−tL(a)(y) = ∂
∂t
e−tL(a)(y) =
∫
Rn
∂
∂t
Kt(y, z) a(z) dz and
Lemma 2.3(i), we find that∣∣∣t2Le−t2L(a)(y)∣∣∣ . ∫
Rn
1
tn
e−c
|y−z|2
t2 |a(z)| dz. (3.6)
Moreover, from fact that z ∈ B(xB, rB), y ∈ B(x, t), x ∈ Ui(B) and t ∈ (0, 2iηrB),
it follows that
|y − z| ≥ |x− xB| − |y − x| − |z − xB| ≥ 2i−1rB − 2iηrB − rB & 2irB.
This, combined with (3.6), the Ho¨lder inequality and a is an (p(·), r)-atom asso-
ciated with ball B(xB, rB), implies that∣∣∣t2Le−t2L(a)(y)∣∣∣ . 1
tn
e−c
(2irB)
2
t2 ‖a‖Lr(B)|B|1−1/r . 1
tn
e−c
(2irB)
2
t2 |B|‖χB‖−1Lp(·)(Rn).
Hence, we obtain
I .

∫
Ui(B)
[∫ 2iηrB
0
∫
B(x, t)
1
t2n
e−c
(2irB)
2
t2 |B|2‖χB‖−2Lp(·)(Rn)
dy dt
tn+1
] r
2
dx

1
r
.

∫
Ui(B)
[∫ 2iηrB
0
1
t2n+1
(
t
2irB
)2N
|B|2‖χB‖−2Lp(·)(Rn) dt
] r
2
dx

1
r
.
[∫
Ui(B)
2−irN2iηr(N−n)r−rnB dx
] 1
r
|B|‖χB‖−1Lp(·)(Rn)
. 2−i[N(1−η)+n(η−1/r)]|B|1/r‖χB‖−1Lp(·)(Rn). (3.7)
To estimate II, we consider two cases. In what follows, we denote the kernel of
tLe−tL by Vt(·, ·), namely, Vt(·, ·) := t ∂∂tKt(·, ·).
Case i): rB < [m(xB, V )]
−1. In this case, by Definition 1.3(iii), we know that∫
Rn
a(x) dx = 0. By this, Lemma 2.3(ii), Definition 1.3 and the Ho¨lder inequality,
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we find that, for any y ∈ B(x, t),∣∣∣t2Le−t2L(a)(y)∣∣∣ = ∣∣∣∣∫
Rn
Vt2(y, z)a(z) dz
∣∣∣∣
=
∣∣∣∣∫
Rn
[Vt2(y, z)− Vt2(y, xB)] a(z) dz
∣∣∣∣
.
∫
Rn
1
tn
( |z − xB|
t
)µ
e−c
|y−xB |
2
t2 |a(z)| dz
.
rµB
tn+µ
‖χB‖−1Lp(·)(Rn)|B|,
where µ ∈ (0, µ0) is determined later and µ0 ∈ (0, 1] is as in (2.2). Therefore, we
have
II .
{∫
Ui(B)
[∫ ∞
2iηrB
∫
B(x, t)
r2µB
t2(n+µ)
|B|2‖χB‖−2Lp(·)(Rn)
dy dt
tn+1
]r/2
dx
}1/r
.
{∫
Ui(B)
[∫ ∞
2iηrB
r2µB
t2(n+µ)+1
dt
]r/2
dx
}1/r
|B|‖χB‖−1Lp(·)(Rn)
.
{∫
Ui(B)
2−iqη(n+µ)r−rnB dx
}1/r
|B|‖χB‖−1Lp(·)(Rn)
. 2−i[(η−1/r)n+ηµ]|B|1/r‖χB‖−1Lp(·)(Rn). (3.8)
Case ii): rB ≥ [m(xB , V )]−1. In this case, by Lemma 2.3(i), we find that, for
any y ∈ B(x, t),∣∣∣t2Le−t2L(a)(y)∣∣∣ = ∣∣∣∣∫
Rn
Vt2(y, z)a(z) dz
∣∣∣∣
.
∫
Rn
1
tn
e−c
|y−z|2
t2 [1 + tm(y, V ) + tm(z, V )]−N |a(z)| dz, (3.9)
where N ∈ (0, ∞) is determined later. Moreover, by the fact that y ∈ B(x, t),
t ∈ (2iηrB,∞), z ∈ B(xB, rB), rBm(xB , V ) ≥ 1 and Lemma 2.1(iii), we know
that there exists a positive constant k0 such that
tm(z, V ) & tm(xB, V )[1 + |z − xB|m(xB, V )]−
k0
k0+1
& 2iηrBm(xB , V )[1 + rBm(xB , V )]
−
k0
k0+1 & 2iη[rBm(xB, V )]
1
k0+1 & 2iη.
From this, (3.9), the Ho¨lder inequality and Definition 1.3(ii), we deduce that∣∣∣t2Le−t2L(a)(y)∣∣∣ . ∫
Rn
2−iηN
1
tn
|a(z)| dz . 2−iηN 1
tn
|B|‖χB‖−1Lp(·)(Rn).
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This further implies that
II .
{∫
Ui(B)
[∫ ∞
2iηrB
∫
B(x, t)
2−2iηN
t2n
|B|2‖χB‖−2Lp(·)(Rn)
dy dt
tn+1
]r/2
dx
}1/r
.
{∫
Ui(B)
[∫ ∞
2iηrB
2−2iηN
t2n+1
dt
]r/2
dx
}1/r
|B|‖χB‖−1Lp(·)(Rn)
. 2−i[η(N+n)−n/r]|B|1/r‖χB‖−1Lp(·)(Rn). (3.10)
Let θ := min{N(1− η) + n(η − 1/r), (η− 1/r)n+ ηµ, η(N + n)− n/r}. Then,
by choosing N large enough, η close enough to 1, µ close enough to µ0 and the
fact that p− >
n
n+µ0
, we know that θ ∈ (n[ 1
p−
− 1
r
],∞). This, combined with (3.7),
(3.8) and (3.10), implies (3.5), which completes the proof of Proposition 3.1. 
Next, by means of the atomic decomposition of variable tent space, we show
that H
p(·)
L (R
n) ⊂ Hp(·), rL, at (Rn).
The following variable tent space is first introduced by Zhuo et al. [31, p. 1567].
Definition 3.2 ([31]). Let p(·) ∈ P(Rn). The variable tent space T p(·)(Rn+1+ ) is
defined to be the space of all measurable functions f such that ‖f‖T p(·)(Rn+1+ ) :=
‖A(f)‖Lp(·)(Rn) <∞, where, for any x ∈ Rn,
A(f)(x) :=
[∫ ∞
0
∫
B(x, t)
|f(y, t)|2 dy dt
tn+1
]1/2
.
Remark 3.3. In particular, if p(·) ≡ p ∈ (0, ∞) is a constant exponent, T p(·)(Rn+1+ )
is just the tent space T p(Rn+1+ ) introduced by Coifman et al. [7]. Moreover, by
[7, Theorem 2], we know that if p ∈ (1, ∞), then, for any f ∈ T p(Rn+1+ ) and
g ∈ T p′(Rn+1+ ), the pairing
〈f, g〉 :=
∫ ∞
0
∫
X
f(x, t)g(x, t) dµ(x)
dt
t
realizes T p
′
(Rn+1+ ) as the dual of T
p(Rn+1+ ), up to equivalent norms, where 1/p+
1/p′ = 1.
For any open set O ⊂ Rn, the tent over O is defined by setting
Ô :=
{
(y, t) ∈ Rn+1+ : dist
(
y, O∁
)
≥ t
}
.
Let p(·) ∈ P(Rn). Recall that a measurable function A on Rn+1+ is called a
(p(·), ∞)T -atom if there exists a ball B ⊂ Rn such that
(i) supp A ⊂ B̂;
(ii) for any r ∈ (1, ∞), ‖A‖T r(Rn+1+ ) ≤ |B|1/r‖χB‖
−1
Lp(·)(Rn)
.
The following establishes the atomic decomposition of T p(·)(Rn+1+ ), which is just
[30, Lemma 3.3] (see also [31, Theorem 2.16]).
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Lemma 3.4 ([30]). Let p(·) ∈ C log(Rn) with p+ ∈ (0, 1]. Then, for any f ∈
T p(·)(Rn+1+ ), there exist {λj}j∈N ⊂ C and a family {Aj}j∈N of (p(·), ∞)T -atoms
such that, for almost every (x, t) ∈ Rn+1+ ,
f(x, t) =
∑
j∈N
λjAj(x, t)
and
A({λj}j∈N, {Bj}j∈N) ≤ C‖f‖T p(·)(Rn+1+ ),
where, for any j ∈ N, Bj is the ball associated with aj and C a positive constant
independent of f .
By Lemma 3.4, we obtain the following proposition.
Proposition 3.5. Let L be as in (1.1) with A satisfying Assumption 1.1, µ0 ∈
(0, 1] as in (2.2), p(·) ∈ C log(Rn) with n
n+µ0
< p− ≤ p+ ≤ 1 and r ∈ (1, ∞)
such that µ0+
n
r
> n
p−
. Then there exists a positive constant C such that, for any
f ∈ Hp(·)L (Rn),
‖f‖
H
p(·), r
L, at (R
n)
≤ C‖f‖
H
p(·)
L
(Rn)
. (3.11)
Proof. By a density argument, we only need to show (3.11) holds true for any
f ∈ Hp(·)L (Rn) ∩ L2(Rn). Let f ∈ Hp(·)L (Rn) ∩ L2(Rn). Then, for any x ∈ Rn
and t ∈ (0, ∞), define F (x, t) := t2Le−t2L(f)(x). Since t2Le−t2L is bounded on
L2(Rn), we conclude that F ∈ T p(·)(Rn+1+ ) ∩ T 2(Rn+1+ ). Then, by Lemma 3.4, we
further find that there exist {λj}j∈N ⊂ C and a family {Aj}j∈N of (p(·), ∞)-atoms,
associated with balls {Bj}j∈N, such that
t2Le−t
2L(f)(x) =
∞∑
j=1
λjAj in T
p(·)(Rn+1+ ) ∩ T 2(Rn+1+ ) (3.12)
and
A({λj}j∈N, {Bj}j∈N) ∼ ‖F‖T p(·)(Rn+1+ ) ∼ ‖f‖Hp(·)L (Rn). (3.13)
Let φ ∈ C∞c (R) be an odd function which satisfies supp φ ⊂ (−1, 1) and∫
R
φ(x) dx = 0, where C∞c (R) denotes the set of all finitely differential function
f on R with compact support. For any z ∈ C, define Φ(z) := ∫
R
e−2piiztφ(t) dt.
Then it is easy to see that Φ is a holomorphic function on C. Moreover, for any
given µ ∈ (0, pi/2), there exists a positive constant C := C(µ, φ) such that, for any
z ∈ {z ∈ C : | arg z| < µ},
|Φ(z)| ≤ C |z|
1 + |z|2 . (3.14)
Indeed, when |z| ≤ 1, by the fact that ∫
R
φ(t) dt = 0, we find that
|Φ(z)| =
∣∣∣∣∫
R
(
e−2piitz − 1)φ(t) dt∣∣∣∣ . 2pi|z| ∫
R
|tφ(t)| dt . |z|. (3.15)
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when |z| > 1, by integration by parts, we have
| − 2piizΦ(z)| =
∣∣∣∣∫
R
−2piize−2piiztφ(t) dt
∣∣∣∣ = ∣∣∣∣∫
R
e−2piizt
d
dt
φ(t) dt
∣∣∣∣ . 1,
namely, |Φ(z)| . |z|−1. This, combined with (3.15), implies (3.14). Since L is a
nonnegative self-adjoint operator on L2(Rn), by [1, Lecture 2], we know that L
has a holomorphic functional calculus. By this and (3.14), for any t ∈ (0, ∞), we
could define
Φ
(
t
√
L
)
=
∫
γ±
Φ
(
t
√
ζ
)
(ζI − L)−1 dζ,
where γ± := {reiν : r ∈ (0, ∞)} ∪ {re−iν : r ∈ (0, ∞)}, for any given ν ∈
(0, pi/2), is a curve consisting of two rays parameterized anti-clockwise. From
this and the Laplace identity (see [21, p. 484]), we further deduce that
Φ
(
t
√
L
)
=
∫
γ±
Φ
(
t
√
ζ
)
(ζI − L)−1 dζ
=
∫
γ±
Φ
(
t
√
ζ
)∫
{z=re±i
2
5pi : r∈(0,∞)}
eζze−zL dz dζ. (3.16)
For any G ∈ T 2(Rn+1+ ), define
piL(G)(x) :=
∫ ∞
0
t2LΦ
(
t
√
L
)
(G(·, t))(x) dt
t
.
Then, from the bounded functional calculus of L, it follows that,
f = c(Φ)
∫ ∞
0
t2LΦ
(
t
√
L
)(
t2Le−t
2L(f)
) dt
t
in L2(Rn),
where c(Φ) is a positive constant such that
c(Φ)
∫ ∞
0
t4Φ(t)e−t
2 dt
t
= 1.
By the fact that piL is bounded from T
2(Rn+1+ ) to L
2(Rn) (see [27, Lemma 3.4])
and (3.12), we find that
f = c(Φ)piL
(
∞∑
j=1
λjAj
)
= c(Φ)
∞∑
j=1
λjpiL(Aj) in L
2(Rn). (3.17)
Next, we show that (3.17) can be rewritten as an atomic (p(·), r)-representation
of f (see Definition 1.5) for any r ∈ (1, ∞). Indeed, for any (p(·), ∞)T -atom A,
associated with ball B := B(xB, rB), define
a := piL(A) =
∫ ∞
0
t2LΦ
(
t
√
L
)
(A(·, t)) dt
t
.
Then, by the finite speed propagation property of L (see [18, Lemma 3.5]), we
conclude that supp a ⊂ 2B. Now we consider two cases.
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Case i): [m(xB , V )]
−1 ≤ 2rB < ∞. In this case, by the fact that, for any
r ∈ (1, ∞), piL is bounded from T r(Rn+1+ ) to Lr(Rn) (see [27, Lemma 3.4]), we
have
‖a‖Lr(Rn) . ‖A‖T r(Rn+1+ ) . |B|
1/r‖χB‖−1Lp(·)(Rn).
Case ii): 0 < 2rB < [m(xB, V )]
−1. In this case, we know that there exists a
unique i0 ∈ N such that 2i0rB ≤ [m(xB , V )]−1 < 2i0+1rB. Write
a(x) :=
[
a(x)− 1|2B|
∫
2B
a(y) dy χ2B(x)
]
+
[
1
|2B|
∫
2B
a(y) dy χ2B(x)− 1|2i0+1B|
∫
2i0+1B
a(y) dy χ2i0+1B(x)
]
+
[
1
|2i0+1B|
∫
2i0+1B
a(y) dy χ2i0+1B(x)
]
=: I(x) + II(x) + III(x). (3.18)
For I, it is easy to see that supp I ⊂ 2B, ∫
2B
I(y) dy = 0 and
‖I‖Lr(Rn) ≤ ‖a‖Lr(Rn) + |2B| 1r−1
∫
2B
|a(y)| dy
≤ 2‖a‖Lr(Rn) . |B|1/r‖χB‖−1Lp(·)(Rn).
For II, by the fact that supp a ⊂ 2B and (3.16), we find that∫
2B
a(y) dy =
∫
2i0B
a(y) dy =
∫
2i0B
[∫ ∞
0
t2LΦ
(
t
√
L
)
(A(·, t))(x) dt
t
]
dx
=
∫
2i0B
[∫ ∞
0
t2
∫
γ±
Φ
(
t
√
ζ
)
×
∫
{z=re±i
2
5pi: r∈(0,∞)}
eζzLe−zL(A(·, t))(x) dz dζ dt
t
]
dx
=
∫
2i0B
[∫ ∞
0
t2
∫
γ±
Φ
(
t
√
ζ
)∫
{z=re±i
2
5pi: r∈(0,∞)}
eζz
×
∫
B
∂
∂z
Kz(x, y)A(y, t) dy dz dζ
dt
t
]
dx. (3.19)
For any given δ ∈ (0, µ0) with µ0 as in (2.2), we claim that there exists a positive
constant C such that, for any z ∈ Σ0pi/5 and y ∈ B(xB , rB),∣∣∣∣∫
B(xB ,2[m(xB , rB)]−1)
∂
∂z
Kz(x, y) dx
∣∣∣∣ ≤ C 1|z|
{ √|z|
[m(xB , rB)]−1
}δ
, (3.20)
where Σ0pi/5 is as in (1.7). The proof of (3.20) is totally similar to that of [5,
(2.22)] (see also the proof of [3, Lemma A.5(b)]), the details being omitted. From
(3.19), the Fubini theorem, the fact that supp A ⊂ B̂, (3.20) and Remark 3.3,
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we deduce that∣∣∣∣∫
2B
a(x) dx
∣∣∣∣ ≤ ∫
B
∫ rB
0
t2
∫
γ±
∣∣∣Φ(t√ζ)∣∣∣ ∫
{z=re±i
2
5pi: r∈(0,∞)}
∣∣eζz∣∣ (3.21)
×
∣∣∣∣∫
2i0B
∂
∂z
Kz(x, y) dx
∣∣∣∣ |A(y, t)| d|z| d|ζ | dtt dy
.
∫
B
∫ rB
0
t2
∫
γ±
∣∣∣Φ(t√ζ)∣∣∣ ∫
{z=re±i
2
5pi: r∈(0,∞)}
∣∣eζz∣∣
× 1|z|
(√|z|
2i0rB
)δ
|A(y, t)| d|z| d|ζ | dt
t
dy
. 2−i0δ
∫
B
∫ rB
0
t2
∫
γ±
∣∣∣Φ(t√ζ)∣∣∣ (√|ζ |rB)−δ |A(y, t)| d|ζ | dt
t
dy
. 2−i0δ
∫
B
∫ rB
0
(
t
rB
)δ
|A(y, t)| dt
t
dy
. 2−i0δ‖A‖T 2(Rn+1+ )
[∫
Rn
∫ ∞
0
∫
B(x, t)
(
t
rB
)2δ
χB̂(y, t)
dy dt
tn+1
dx
]1/2
. 2−i0δ|B|1/2‖χB‖−1Lp(·)(Rn)
[∫ rB
0
∫
B
(
t
rB
)2δ
dy
dt
t
]1/2
. 2−i0δ|B|‖χB‖−1Lp(·)(Rn).
This, combined with the fact that supp II ⊂ 2i0+1B and 2i0+1rB > [m(xB, V )]−1,
implies that
‖II‖Lr(Rn) ≤
∣∣∣∣∫
2B
a(x) dx
∣∣∣∣ [ 1|2B|1/r′ + 1|2i0+1B|1/r′
]
. 2−i0δ|B|1− 1r′ ‖χB‖−1Lp(·)(Rn) . 2−i0δ|B|1/r‖χB‖−1Lp(·)(Rn). (3.22)
For III, by (3.21), we know that
‖III‖Lr(Rn) ≤
∣∣∣∣∫
2B
a(x) dx
∣∣∣∣ 1|2i0+1B|1/r′ . 2−i0δ|B|1/r‖χB‖−1Lp(·)(Rn). (3.23)
From the above argument for I, II and III, (3.17) and (3.18), it follows that
f = c(Φ)
∞∑
j=1
λjpiL(Aj)
= c(Φ)
∑
j∈{j∈N: rBj≥
1
2
[m(xBj ,V )]
−1}
λjpiL(Aj)
+ c(Φ)
∑
j∈{j∈N: rBj<
1
2
[m(xBj ,V )]
−1}
λj [Ij + λj, kj(hj, 2 + hj, 3)], (3.24)
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where kj ∈ N is the unique natural number such that 2kjrBj ≤ [m(xBj , V )]−1 <
2kj+1rBj ,
λj, kj := 2
−kjδ
|Bj|1/r‖χ2kj+1Bj‖Lp(·)(Rn)
|2kj+1Bj|1/r‖χBj‖Lp(·)(Rn)
,
hj, 2 :=
IIj(x)|2kj+1Bj |1/r‖χBj‖Lp(·)(Rn)
|Bj|1/r‖χ2kj+1Bj‖Lp(·)(Rn)
and
hj, 3 :=
IIIj(x)|2kj+1Bj |1/r‖χBj‖Lp(·)(Rn)
|Bj|1/r‖χ2kj+1Bj‖Lp(·)(Rn)
.
By (3.22) and (3.23), we know that hj, 2 and hj,3 are (p(·), r)-atoms and (3.24) is
an atomic (p(·), r)-representation of f , up to a harmless constant multiple. Thus,
we have
‖f‖
H
p(·), r
L, at (R
n)
.
∥∥∥∥∥∥∥∥

∑
j∈{j∈N: rBj≥
1
2
[m(Bj ,V )]−1}
[ |λj|χ2Bj
‖χ2Bj‖Lp(·)(Rn)
]p−
1/p−
∥∥∥∥∥∥∥∥
Lp(·)(Rn)
+
∥∥∥∥∥∥∥∥

∑
j∈{j∈N: rBj<
1
2
[m(Bj ,V )]−1}
[ |λj|χ2Bj
‖χ2Bj‖Lp(·)(Rn)
]p−
1/p−
∥∥∥∥∥∥∥∥
Lp(·)(Rn)
+
∥∥∥∥∥∥∥∥

∑
j∈{j∈N: rBj<
1
2
[m(Bj ,V )]−1}
[ |λjλj,kj |χ2kj+1Bj
‖χ2kj+1Bj‖Lp(·)(Rn)
]p−
1/p−
∥∥∥∥∥∥∥∥
Lp(·)(Rn)
.
∥∥∥∥∥∥
{∑
j∈N
[ |λj|χ2Bj
‖χ2Bj‖Lp(·)(Rn)
]p−}1/p−∥∥∥∥∥∥
Lp(·)(Rn)
+
∥∥∥∥∥∥
{∑
j∈N
∑
k∈N
[ |λjλj,k|χ2k+1Bj
‖χ2k+1Bj‖Lp(·)(Rn)
]p−}1/p−∥∥∥∥∥∥
Lp(·)(Rn)
=: J + K.
We first estimate K. By the fact that χ2k+1Bj (x) ≤ 2knM(χBj )(x), where M
is the Hardy-Littlewood maximal operator, we find that, for any s ∈ (0, p−),
χ2k+1Bj(x) ≤ 2kn/s[M(χBj)(x)]1/s. By the fact that µ0 + nr > np− , we could fix
some s ∈ (0, p−) and δ ∈ (0, µ0) such that δ + nr > ns . Thus, from this, Remark
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2.8(i) and (ii) and Lemma 2.6, we deduce that
K ≤
∥∥∥∥∥∥
{∑
j∈N
∑
k∈N
[
2−k(δ+
n
r
−n
s
) |λj|[M(χBj )]1/s
‖χBj‖Lp(·)(Rn)
]p−}1/p−∥∥∥∥∥∥
Lp(·)(Rn)
=
∥∥∥∥∥∑
k∈N
∑
j∈N
[
2−k(δ+
n
r
−n
s
) |λj|[M(χBj )]1/s
‖χBj‖Lp(·)(Rn)
]p−∥∥∥∥∥
1
p−
L
p(·)
p− (Rn)
≤

∑
k∈N
2−kp−(δ+
n
r
−n
s
)
∥∥∥∥∥∥
∑
j∈N
[
M
(
|λj|s
‖χBj‖sLp(·)(Rn)
χBj
)] p−
s
∥∥∥∥∥∥
L
p(·)
p− (Rn)

1/p−
=

∑
k∈N
2−kp−(δ+
n
r
−n
s
)
∥∥∥∥∥∥∥
∑
j∈N
[
M
(
|λj|s
‖χBj‖sLp(·)(Rn)
χBj
)] p−
s

s
p−
∥∥∥∥∥∥∥
p−
s
L
p(·)
s (Rn)

1/p−
.

∑
k∈N
2−kp−(δ+
n
r
−n
s
)
∥∥∥∥∥∥∥
∑
j∈N
[
|λj|s
‖χBj‖sLp(·)(Rn)
χBj
] p−
s

s
p−
∥∥∥∥∥∥∥
p−
s
L
p(·)
s (Rn)

1/p−
∼
∑
k∈N
2−kp−(δ+
n
r
−n
s
)
∥∥∥∥∥∑
j∈N
[ |λj |
‖χBj‖Lp(·)(Rn)
χBj
]p−∥∥∥∥∥
L
p(·)
p− (Rn)

1/p−
.
{∑
k∈N
2−kp−(δ+
n
r
−n
s
)A({λj}j∈N, {Bj}j∈N)p−
}1/p−
. A({λj}j∈N, {Bj}j∈N).
By an argument similar to that used in the estimate of K, we also have J .
A({λj}j∈N, {Bj}j∈N). Hence,
‖f‖
H
p(·), r
L, at (R
n)
. A({λj}j∈N, {Bj}j∈N).
This, combined with (3.13), implies that ‖f‖
H
p(·), r
L, at (R
n)
. ‖f‖
H
p(·)
L
(Rn)
. We com-
plete the proof of Proposition 3.5. 
We are now in a position to prove Theorem 1.6.
Proof of Theorem 1.6. Let µ0 be as in (2.2), p(·) ∈ C log(Rn) with nn+µ0 < p− ≤
p+ ≤ 1 and r ∈ (1, ∞) such that µ0+ nr > np− . Then, by Proposition 3.1 and 3.5,
we know that, H
p(·), r
L, at (R
n) and H
p(·)
L (R
n) coincide with equivalent quasi-norms.
This finishes the proof of Theorem 1.6. 
3.2. Proof of Corollary 1.9. In this subsection, we prove Corollary 1.9. We
begin with introducing the atomic characterization of Hp(·)(Rn).
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Definition 3.6 ([23, 10]). Let p(·) ∈ P(Rn), r ∈ (p+,∞] ∩ [1,∞] and s :=
⌊ n
p−
− n⌋. A measurable function a on Rn is called a (p(·), r, s)-atom associated
with ball B of Rn if
(i) supp a ⊂ B;
(ii) ‖a‖Lr(Rn) ≤ |B| 1r ‖χB‖−1Lp(·)(Rn);
(iii) for any α ∈ Zn+ with |α| ≤ s,
∫
Rn
a(x)xα dx = 0.
The following lemma is just [24, Theorem 1.1], which establishes the atomic
characterization of Hp(·)(Rn) (see also [23]).
Lemma 3.7 ([24]). Let p(·) ∈ C log(Rn) with p+ ∈ (0, 1].
(i) Let r ∈ (p+, ∞] ∩ [1, ∞] and s := ⌊ np− − n⌋. Then there exists a positive
constant C such that, for any {λj}j∈N ⊂ C and any family {aj}j∈N of (p(·), r, s)-
atoms, associated with balls {Bj}j∈N of Rn, such that A({λj}j∈N, {Bj}j∈N) <
∞, it holds true that f := ∑j∈N λjaj converges in Hp(·)(Rn) and ‖f‖Hp(·)(Rn) ≤
CA({λj}j∈N, {Bj}j∈N).
(ii) Let s ∈ Z+. For any f ∈ Hp(·)(Rn), there exists a decomposition f =∑∞
j=1 λjaj in S ′(Rn), where {λj}j∈N ⊂ C and {aj}j∈N is a family of (p(·), ∞, s)-
atoms associated with balls {Bj}j∈N of Rn. Moreover, there exists a positive
constant C such that, for any f ∈ Hp(·)(Rn),
A({λj}j∈N, {Bj}j∈N) ≤ C‖f‖Hp(·)(Rn).
We now prove Corollary 1.9.
Proof of Corollary 1.9. By Lemma 3.7(ii) and its proof, we find that Hp(·)(Rn)∩
L2(Rn) is dense in Hp(·)(Rn) and, for any f ∈ [Hp(·)(Rn) ∩ L2(Rn)], there ex-
ists a sequence {λj}j∈N ⊂ C and a family {aj}j∈N of (p(·), ∞, s)-atoms, as-
sociated with balls {Bj}j∈N of Rn, such that f =
∑
j∈N λjaj in L
2(Rn) and
A({λj}j∈N, {Bj}j∈N) . ‖f‖Hp(·)(Rn). Notice that each (p(·), ∞, 0)-atom is also
an (p(·), r)-atom for any r ∈ (1, ∞] (see Definition 1.3). From this and the
definition of H
p(·), r
L, at (R
n), we further deduce that f ∈ Hp(·), rL, at (Rn) and
‖f‖
H
p(·), r
L, at (R
n)
≤ A({λj}j∈N, {Bj}j∈N) . ‖f‖Hp(·)(Rn).
By this, Theorem 1.6 and an density argument, we know that, for any f ∈
Hp(·)(Rn),
‖f‖
H
p(·)
L
(Rn)
. ‖f‖Hp(·)(Rn).
This finishes the proof of Corollary 1.9. 
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